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Adiabatic and non-adiabatic processes in the dynamics of periodically driven quantum 
systems are studied employing the Floquet picture of quantum mechanics. The validity 
of N-niveau approximations in the Floquet theory is investigated. A method is described 
which allows the separation of fast (periodic) and slow (parametric) time-dependence 
and which yields a transparent description of the dynamical Landau-Zener mechanism. 
Using the model of surface-state electrons it is demonstrated that adiabaticity is decisive 
for the description of ionization experiments on highly excited hydrogen atoms; further- 
more, an ionization mechanism based on the sudden onset of Landau-Zener transitions 
is proposed and shown to yield values for the ionization threshold which are in good 
agreement with experimental data. The connection to classical mechanics is considered 
by establishing the semiclassical limit of Floquet dynamics. 

PACS: 03.65; 05.45; 32.80 

1. Introduction 

Although the interaction of atoms and molecules with 
time-periodic external fields is a very old subject in 
quantum mechanics, recent experiments in this area 
have discovered unexpected phenomena which still 
are not fully understood theoretically. A particularly 
puzzling example is given by the behaviour of highly 
excited hydrogen atoms in strong microwave fields 
which has been investigated experimentally by Bay- 
field and Koch [1, 2]. In these experiments, one ob- 
serves ionization although the ionization energy of 
the initial stationary state corresponds to the energy 
of up to several hundred microwave photons [2]. Fur- 
thermore, the ionization rate depends sensitively on 
the strength but hardly on the frequency of the micro- 
wave field. These results have stimulated many theo- 
retical activities. Since the full solution of the time- 
dependent Schr6dinger equation in 3 space dimen- 
sions is beyond present-day abilities one has to rely 
on simple models. One of the most important models 
in this context is the model of surface-state electrons 
(SSE model) in the presence of an oscillating field 
which has been investigated within the framework of 
both classical [3, 4] and quantum [5-7] mechanics. 

Whereas even the first classical numerical simulations 
[3] took into account the fringe fields of the micro- 
wave cavity which in the rest frame of the atom ap- 
pear as a slow rise and decrease of the external field, 
the quantum calculations usually rest on the assump- 
tion that the effect of the turn-on of the external field 
can be neglected [7]. As we shall show in this paper, 
this assumption is, in general, invalid; on the contrary, 
adiabatic behaviour, which in turn results from the 
slow turn-on of the field, plays a major r61e in the 
dynamics of the solutions of Schr6dinger's equation. 
Following the general reasoning of prior investiga- 
tions [8, 9] where it has been shown that for Hamil- 
tonians periodic in time adiabaticity is intimately con- 
nected to the Floquet picture of quantum mechanics, 
we use the SSE model for a detailed study of those 
adiabatic processes that govern the response of highly 
excited hydrogen atoms to the entrance into a micro- 
wave cavity. To understand the initial step of the ioni- 
zation mechanism we restrict ourselves to a discussion 
of the dynamics in the bound state part of the under- 
lying Hilbert space. 

As a main result we show that the Floquet picture 
is very well suited for describing situations where the 
amplitude of the external field is not constant in time 



since in this picture adiabatic behaviour expresses it- 
self as conservation of the occupation probabilities 
of the Floquet states when the driving amplitude is 
varied. For the particular case of the SSE model, we 
show that Landau-Zener type transitions among Flo- 
quet states due to the appearance of multiple avoided 
crossings of quasienergies above certain critical values 
of the field strength provide a transparent mechanism 
for exciting higher Floquet states; these critical values 
are related to the experimentally observed ionization 
threshold. 

The material of our paper is organized as follows: 
Chap. 2 contains the basic elements of Floquet theory 
and mainly serves to establish our notation. In 
Chap. 3 we show that numerical calculations of Flo- 
quet spectra within a finite basis set are subject to 
certain errors which have to be carefully controlled; 
these results are applied to obtain stable quasienergy 
spectra for the SSE model. In Chap. 4, which has to 
be regarded as the central one of this paper, we pres- 
ent a general discussion of adiabaticity in the Floquet 
picture; again we use the SSE model to support our 
theoretical conclusions. Finally we sum up our find- 
ings in Chap. 5 and point out how to apply semiclassi- 
cal quantisation rules to calculate quasienergy spec- 
tra. This may be of interest since the classical counter- 
parts of driven quantum systems exhibit, in general, 
chaotic behaviour. 

2. Elements of Floquet theory and notation 

Let us consider a Hamiltonian with periodic time de- 
pendence 

H(x, t )= H(x, t +  T), (2.1) 

where T is the period and x denotes all spatial and 
spin degrees of freedom. According to Floquet's theo- 
rem 1-10] there are solutions of the Schrrdinger equa- 
tion 

(H(x, t ) -  i8t) O(x, t) = 0 (2.2) 

that can be written in the form 

(x, t)= u (x, t ) e - i "  (2.3) 

where u is periodic in time 

u(x, t )=u(x,  t +  T); (2.4) 

e is referred to as Floquet index or quasienergy. 
In order to obtain such solutions one has to solve 

the eigenvalue equation 

(H(x, t)-i~?t)u= (x, t )= G u=(x, t) (2.5) 

imposing (2.4) as a boundary condition. Formally, 
the operator 

:=H(x, t ) -- ia  t (2.6) 

acts on a Hilbert space of time-periodic functions [11] 
with scalar product 

1 r 
((u] v>>.'=~ o S dtSdx  u*(x, t)v(x, t); (2.7) 

the completeness relation in this space reads 

u= (x, t) u* (x', t') = a (x -- x') Tar (t - t'), (2.8) 

where a r denotes the T-periodic a-function. 
If ui(x, t) is a solution of (2.5) with eigenvalue 

ej we immediately obtain a whole class of solutions 

u=(x,t)=u~(x,t)e imp', meZ, 

corresponding to the eigenvalues 

(2.9) 

e~=e~+mco, meZ.  

Hence e can be written as an array 

(2.10) 

~=(j ,  m) (2.11) 

and the functions u i(x, t) form a complete system at 
each instant of time: 

u i (x, t) u* (x', t) = c5 (x -- x'). (2.12) 
J 

It easily follows from (2.3) that the solution 0(x, t) 
of Schr6dinger's equation is independent of m. Thus 
the whole class (2.9) corresponds to one physical state 

As an instructive example we consider the forced 
harmonic oscillator in (1 + 1) space - time dimensions 
given by the Hamiltonian 

H(x,t)=~---f i+@x2+2xsincot.  (2.13) 

From the well-known solutions of Schradinger's 
equation 

t 

Ill(X , t) =)~j(X -- J( t))  e - iE ' t  ~o L(z) dz +i#y(x -y) (2.14) 

(gj is the oscillator eigenfunction with energy Ej = 
O)o(J+½), L is the classical Lagrangian evaluated 
along the classical periodic trajectory y(t)), we obtain 
the eigensolutions u~(x, t) by isolating the time-peri- 



odic part: 

= Zj(x-- y(t)) e' ~ Ld~-~ ! Ldz+,}'(x--y) 
o " ~  \ ~ o  / 

= uj (x, t) e-  i~jt. (2.15) 

Hence the Floquet spectrum of the forced harmonic 
oscillator is given by 

e ~ , = E j - l  ~ Ld'~ +mco 

2 2 1 

= E j +  4#0) 2 1--/co°\2 
+-me) (2.16) 

where m is any integer and j = 0, 1, 2, 3, . . . .  
From the point of view of physical applications 

one encounters Hamiltonians of the form 

H (x, t) = H o + 2 x sin co t (2.17) 

where Ho is the time-independent Hamiltonian of an 
atomic or molecular system and the second term de- 
scribes the interaction with a single mode radiation 
field in the dipole approximation; 2 denotes the field 
strength and co its frequency. In most cases the spec- 
trum of Ho contains a continuous part and hence 
the Floquet spectrum of (2.17) covers the whole real 
axis, i.e. in a strict mathematical sense there are no 
normalisable Floquet states [12]. The situation can 
be seen in close analogy to the static (DC) Stark effect: 
bound states of Ho turn into resonances described 
by complex Floquet indices with a negative imaginary 
part. 

The model we shall mainly use to support our 
general conclusions is the model of surface-state elec- 
trons (SSE model) given by a (1 + 0-dimensional Ha- 
miltonian of the form (2.17) where 

1 z V ( x )  (2.18) Ho=Tp~+ 

1 
----; x > 0  

V ( x )  = x 

+oe;  x_<0. 
(2.19) 

This model had originally been devised in order to 
describe electrons bound by their image charge to 
a surface of liquid helium and has meanwhile fre- 
quently been used to investigate the microwave ioni- 
zation of hydrogen atoms in both classical [-3, 4] and 
quantum [5-7] calculations; the reduction to one 
space dimension has been justified in [6]. Although 
ionization ultimately involves the coupling to the con- 
tinuum it has been argued that the initial step of the 
ionization process must be due to some process taking 

place in the bound space and therefore it should be 
sufficient to decouple the continuum and to consider 
the 'bound space projected' dynamics [7]. This is a 
reasonable assumption as long as the time scale of 
decay set by the imaginary part of the Floquet indices 
is long compared to the time scales of these dynamical 
processes. 

3. N-niveau approximations in Floquet theory 

In this chapter we are concerned with the numerical 
solution of the eigenvalue equation (2.5) where H(x, t) 
is of the form of (2.17). A commonly adopted strategy 
consists in transforming the Schr6dinger equation 
(2.2) into a matrix equation 

iOt~,(t)=E,t~,(t)+ 2sincot ~ D.m~.,(t) (3.1) 

using an eigenbasis of Ho 

Ho ~o, = E, ~o,, n = 1, 2, 3 . . . . .  

such that 

(3.2) 

D,,, = (q%l x lq)m) (3.3) 

is the matrix of the dipole operator x. To solve (3.1) 
on a computer one has to truncate this system to 
a finite dimensional one, since only a finite basis set 

{~Ol, ~0z, . . . ,  q~N} (3.4) 

can be handled numerically. Within this N-niveau ap- 
proximation one calculates the monodromy operator, 
i.e. the time-developement operator U(m(T, 0) for a 
complete cycle. From the Floquet theory it follows 
that diagonalisation of U(m(T, 0) yields the eigen- 
values 

e J ) j = l  . . . . .  N~ 

where the 8~ N) are the Floquet indices (determined 
rood co) in the N-niveau scheme. 

For our investigation of adiabaticity in Chap. 4 
we do not only need the Floquet indices for a specific 
value of the field strength 2 but rather we have to 
know the whole 2-dependence 

e~=~(2). (3.5) 

It is the purpose of the following considerations 
to show that the N-niveau approximation will lead 
to systematic errors of the functions 

e~N) = e~m (2) (3.6) 



e/w 
, r 

3w 

2w 
1to 

-lw 

-2to 

~k'to 

U ) 

I --" E I 
El E2 "'" 

a 

-~~o i 2 3 A/~ 2 

Fig. 1. Quasienergies for the driven oscillator (2.13) calculated within 
an ( N =  10)-niveau approximation and organized in two Brillouin 
zones, Parameters chosen are: c9=1.0 g, o)o=0,9 1 x. Indices e are 
chosen such that c~ = (j, 0) denotes the Floquet index continuously 
connected to Ej=(,Oo(Jq-½) 
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Fig. 2, a Flow of the center X ~ of the distribution (3.10) in an 
infinite dimensional Hilbert space, b as a, but  in a truncated Hilbert 
space 

for every finite N which have to be carefully con- 
trolled. 

A first indication for these errors can be deduced 
from the trace identity well known from the theory 
of periodic differential equations [13] 

N 

e}m(2) = S dttr(Htm(t)) (mode)). (3.7) 
j = l  O 

The right hand side of this equation is 2-independent 
for pure harmonic time-dependence and equal to the 
sum of the first N energy eigenvalues (mod co) of the 
static hamiltonian, i.e. we have 

N N 

e}m(2) = Z Ej (mode)) (3.8) 
j=1  j = l  

for all 2. This constraint is, however, N-dependent 
and hence unphysical. 

As an example we consider the driven oscillator 
(2.13) within an (N=10)-niveau approximation, i.e. 
we solve (2.5) numerically in the space spanned by 
the 10 lowest lying oscillator eigenfunctions. The re- 
sulting Floquet indices e~1°)(2) are displayed in Fig. 1 
which has to be contrasted to the exact solution given 
by (2.16). According to this formula all the exact indi- 

ces e~(2) show the same quadratic 2-dependence, a 
fact which is incompatible with (3.8) for any finite 
N. 

The relevance of (3.8) can be clearly seen from 
the figure: Whereas for small 2 the quasienergies cor- 
responding to the lower lying states are approximate- 
ly correct, i.e. quadratically increasing for the parame- 
ters chosen, the other indices must decrease in order 
to satisfy (3.8). Obviously the 'correct' and the 
'wrong' levels influence each other and produce a 
pronounced avoided crossing structure such that, for 
higher field strength, Fig. 1 has nothing to do with 
the exact solution in the infinite Hitbert space. 

This potentially dangerous effect of basis trunca- 
tion becomes more transparent from the following 
argument: Decomposing 

u,(x, t) = ~ a}~,~ q~j(x) e-ikwt (3.9) 
j,k 

a Floquet state u~ can be characterised by a normal- 
ised distribution 

(E j, kco) ~ I a~ l  2. (3.10) 

Projected onto the E3--ko9 plane (see Fig. 2a), this 
mapping can be visualised as a distribution with 



center e/w 

X'~)(2)-( Sj'kEjla}~')k[;~-{((u~[II°lu~))~ (3.11) 
--~Xj, k k o  ]a}~,) k 12]=\ ((u~[ it~ t ]U~ ]" 

Obviously, for 2 = 0 the eigensolutions are given by 

u~(x, t)tx=o = q~o e-ik°~¢, c~ = (jo, ko), (3.12) 

with a delta-function like distribution and center 

X{~)(2 = 0) = (kE0J;). (3.13) . . . . .  
(72) 0.0 

With increasing Z the corresponding distribution ob- {sT)_ 
(6o)~ 

tains a finite width (schematically depicted by patches (6~)~ 
in Fig. 2) and its center moves in the above con- (66)-- 
structed plane. (7~)_ 

By repeated use of the Hellman-Feynman theorem (~9)--~ 
we derive the following equation for the 'parameter- 
velocity' (for all hamiltonians of the general form 
(2.17)): 

(65)~. 
-0.5 

This equation, of course, is valid for both the exact 
solution and the N-niveau-approximation. Whereas, 
however, in the infinite Hilbert space the 2-flow given 
by (3.14) is unhindered (see Fig. 2a), in the truncated 
case it is restricted to a strip 

SN := {(x, y) IE~ <= x <_ EN} (3.15) 

which necessarily changes the global properties of the 
flow (see Fig. 2 b). If a center X~(2) reaches the trunca- 
tion induced boundary of SN the velocity vector must 
considerably change its direction which according to 
(3.14) gives rise to a large curvature term 2# 2 s J#2  2. 
Taking this as a signal for avoided crossings of Flo- 
quet eigenvalues we conclude that truncation of the 
basis set inevitably leads to the occurence o f 'wrong '  
avoided crossing structures. 

Needless to say, the mathematical cause underly- 
ing our discussion is the fact that the closed unit 
sphere in the infinite Hilbert space is non-compact 
whereas it is compact in the finite dimensional ap- 0 
proximating subspaces. 

We remark that our argumentation may also serve 
as a starting point to investigate the appearance of 
real avoided crossings, since there are physical con- 
straints, for example the 'boundary '  defined by the 
ground state energy of H o. 

Let us now illustrate this general discussion using 
the SSE model reviewed in Chap. 2. In atomic units 
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Fig. 3. a Quasieuergies for the SSE model (cf. (3.16)) calculated in 
a basis of 21 states (Nmin = 55, Nmax = 75). The frequency corresponds 
to 9.92 Ghz. Levels are marked by principal quan tum numbers  of 
Ho. b as a, but  using a basis of 101 states (Nmi,=55, N,,ax= 155). 
Only the levels corresponding to those in a are plotted. The arrow 
marks a state used in Chap. 4 to demonstrate  Landau-Zener  transi- 
tions 



the time-dependent Schr6dinger equation is given by 
1-5-7] 

iOtOn(t) 
1 Nma× 

- 2nZ~ . ( t )+2s ino ) t  ~ D.,.¢,.(t), (3.16) 
m = N m i n  

where the dipole matrix D.,. is known analytically. 
It should be noted that the basis set employed in 
(3.16) is obtained from a twofold truncation at n = 
Nmi. and n = ~m.x" 

In Fig. 3 a we show the Floquet spectrum obtained 
in a relatively small basis of 21 states (Nm~.=55, 
Nm~x=75). Even at very low values of the field 
strength 2 the index e75 behaves different from the 
rest of the spectrum, at slightly larger values 874 

changes its monotonic behaviour, then e73 and so 
on. This is a typical indication of truncation errors 
fully in agreement with the naive picture of Fig. 2b 
since the corresponding centers X (vS), X (74), X (73) etc. 
succesively reach the critical boundary zone of the 
strip (3.15). In fact, a repetition of the calculation with- 
in a slightly larger basis set (Ninon= 55; N~ax=85) al- 
ready leads to the disappearance of all the avoided 
crossings of Fig. 3a. In Fig. 3b we plot the quasiener- 
gies 855-875 which result from an extended calcula- 
tion (Nm~, = 55; Nm, x = 155). For small 2, all the indices 
decrease monotonically; above certain values of 2 the 
quasienergies e75, e74 and eva are seen to undergo 
several very narrow avoided crossings with levels re- 
sulting from higher lying states. This result turns out 
to be stable with respect to further increase of Nm,x. 
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Naturally, stability (i.e. truncation independence) 
is a minimal requirement on a physical model. The 
lesson to be learned from the preceeding discussions 
may be summarized as follows: 

(i) Any numerical calculation within a finite ba- 
sis set is subject to the trace identity (3.8) and yields 
at least some wrong levels which have to be identified 
and discarded. 

(ii) Stability of the remaining levels with respect 
to the basis size must be guaranteed. 

(iii) Special care has to be taken in order to distin- 
guish artificial, i.e. truncation induced, avoided cross- 
ings from possible real ones, since the latter, as we 
know from previous work [8, 9], dominate non-adia- 
batic effects. 

It is a non-trivial fact that this procedure which de- 
mands a certain amount of skill actually yields stable 
results. 

Our next question concerns the occurence of real 
avoided crossings in the quasienergy spectra of the 
SSE model. Again, an important clue can be guessed 
from the oscillator formula (2.16): If co is less than 
the level spacing (no, all quasienergies decrease with 
increasing )~ whereas they increase for co>co 0. For  
the hydrogen atom and a microwave frequency of 
9.92 GHz the levels with principal quantum numbers 
n =  87, 88 are approximately at resonance, for lower 
levels the sparing between adjacent levels is bigger 
than co. Therefore it can be expected from the oscilla- 
tor formula that levels with n < 87 move 'down '  which 
is confirmed in Fig. 3b. On the other hand, for n>88  

0 5 10 15 20 A 

Fig. 5. Stable quasienergies for the SSE 
model (a~/2 n = 9.92 GHz). For  testing 
adiabaticity in Chap, 4 the states n = 64, 74 
have been used as initial states 

V/cm 



the level spacing is less than the frequency and the 
levels should move 'up' .  Hence the 'resonance point '  
is of special interest, since in its neighbourhood there 
are both types of levels which is a necessary condition 
for an avoided crossing. This simple argument is con- 
firmed in Fig. 4 where the quasienergies originating 
from the stationary states with quantum numbers 
n = 80 to n = 100 are plotted. These indices result from 
a calculation employing 101 basis functions and have 
been found to be stable; in particular, the avoided 
crossing structure is correct. 

To give an impression of the actual complexity 
of the quasienergy spectra in the experimentally rele- 
vant interval of field strength we plot in Fig. 5 the 
stable result of a 101 state calculation (the upper 50 
and lower 7 indices have been removed). Whereas 
the ' lower'  quasienergies behave regular the 'upper '  
ones undergo many avoided crossings on a very nar- 
row scale. 

We remark that these calculations are far more 
demanding than solving the initial value problem for 
the SSE model: Even without counting diagonalisa- 
tions the numerical effort to obtain Fig. 5 is equiva- 
lent to propagating an initial state over 104 cycles 
within a basis of 101 functions. 

4. Adiabatic and non-adiabatic behaviour 
in time periodic external fields 

The adiabatic theorem [14] is one of the most impor- 
tant tools for the investigation of the time-dependent 
Schr6dinger equation in the limit of slow time varia- 
tion of a Hamiltonian H(z). Considering the time- 
interval 0 < z < ~ and introducing the dimensionless 
time-parameter 

"C 

s : = - -  ( 4 . 1 )  
To 

Schr6dinger's equation reads 

i 0~ 0 r.  (s) = T, H (s) 0 To (s), (4.2) 

where 

4,To(s) := ~,(s %) (4.3) 

and 

0_< s -< 1. (4.4) 

Assuming the system to be initially in a non-degener- 
ate eigenstate of H(0) 

Or.(0)---- go(0), H(0) q)(0) = E(0) q)(0), (4.5) 

the adiabatic theorem states that the solution of (4.2) 
converges in the limit T~ ~ oo to an eigenstate of H(s) 

- iT~ids 'E(s ' )  ~ 
Oro (S) ~ e o 9is), (4.6) 

where 

(s) q~ (s) = E (s) q~ (s). (4.7) 

The eigenvectors q~(s) are supposed to be normalised 

(~0(s)l q~(s)) = 1 (4.8) 

and their phases have to be chosen such that [14] 

@(s) ~s  q)(s))=0. (4.9) 

The fact that this requirement can, in general, not 
be satisfied globally in a higher dimensional parame- 
ter space leads to the well-known Berry-phases 
[15, 16]. 

The adiabatic theorem is valid even if the spectra 
of the one-parameter family H(s) are unbounded or 
contain a continuous part and it can be extended 
to the case of degeneracies [17]. The degree of adiaba- 
ticity, i.e. the magnitude of T~ necessary to guarantee 
adiabatic behaviour, depends sensitively on details of 
the spectra and the smoothness of the parameter vari- 
ation [18-]. 

There is an extension of the adiabatic theorem 
to the Floquet picture of quantum mechanics which 
has been formally proven in [19]. To make our asser- 
tions more transparent we should like to proceed 
along different lines. 

We start from the fact that strict periodic time- 
dependence is not what is encountered in real experi- 
ments. For example, Rydberg atoms entering a micro- 
wave cavity see a slowly rising field which has to 
be described by a time-dependent field strength 

2 z = 2(~-).  (4.10) 

Now the Schr6dinger equation 

{H (2 (z/T.); z)-- i 0~} 0 (z) = 0 (4.11) 

contains two different time scales set by the laser- 
or maser-period T =  2 n/co and the switching-on time 
T,. Assuming that the amplitude 2(z/7;) changes neg- 
ligibly during one period of the external field we treat 
both time-dependencies separately: 

First we determine the Floquet-eigenstates u~(2) 
for each fixed 2-value in the range of the function 



2 =  2(r/T~) as the solutions of the eigenvalue equation 

.,~ (,~; t)u~(,~; t)= ~(,~)u~(,t; t) 

u~()~; t +  T)=  u~(2; t), (4.12) 

where 

J r (2;  t)= H ()~; t)-- it3 r (4.13) 

This corresponds to integrating out the fast, oscillat- 
ing time-dependence which is denoted by t in (4.12). 

Secondly we include the slow, parametric time- 
dependence of 2 =2(~/T~) which is determined by the 
adiabatic evolution equation 

~ (2 (z/T,); t) O(z; t)= i ~  ¢(z; t). (4.14) 

From ~(-c; t) the solution @(z) of the original Schrr- 
dinger equation (4.11) can easily be recovered by 
equating t and z 

~b(v) = ~(v; t) lt=~, (4.15) 

since 

i ~ tfi (z) = i(O~ O) (z; z) + i(~ t O) (Z ; T) 

= (]g ~) (z; "c) + i(Ot O) (z; z) 

=HO(~;z) 
=H@(z). (4.16) 

The main advantage of (4.14) lies in the fact that it 
is a Schr6dinger equation precisely of the form of 
(4.2), Floquet-eigenstates u~ play the role of the sta- 
tionary eigenstates (p. Therefore, the conventional 
adiabatic theorem can be applied: Assuming the ini- 
tial value 

O(z; t)[~= o = u~(2(0); t), (4.17) 

the solution of (4.14) converges for T~ ~ ov to 
v 

• (~; t) = e- i  oId ,' ~o().) u~ (),(z/T~); t). (4.18) 

Equating t and z now proves the adiabatic theorem 
of the Floquet picture. 

The same method of separating fast (t) and slow 
(z) time-dependence has to be employed to calculate 
deviations from adiabaticity. To be specific, let us con- 
sider an adiabatic parameter-variation of the form 

/ / 0 ~  

2(z) = { smoothly monotonically increasing, 
I 

2y = const., 

~ < 0  
0<z_<T, 
T 2 > T  a . 

(4.19) 

Let the system be initially in an eigenstate of Ho 

~,(T=0)=uj(;40)=0; ~=0)=~oj. (4.20) 

After stationarity is reached for r > T,, because of the 
completeness relation (2.12) the solution ¢'(z) of 
Schr6dinger's equation (4.11) can be decomposed 

O(z )=~a iu i (2y ;  "c)e - i ~('~±)~, z >  T~, (4.21) 
i 

with z-independent amplitudes a~. 
Calculations of the transition probabilities 

P.i -~ = I ai I e = I (ui (2y; t) l @ (r)) 12 (4.22) 

enables one to measure deviations from the full adia- 
batic behaviour characterised by [a~ ! z -= ~;u- The solu- 
tion of the evolution equation (4.14) corresponding 
to ~ (z) is now given by 

O(z; t )=~aiu i (2y;  Oe -i~'(~O~, z >  Ta, (4.23) 
i 

and hence the z-independent probabilities (4.22) may 
be written 

2 1 T 
tail =-~ ° ~ d t l(ui(2y; t)tO(r; t))12, (4.24) 

and from Parseval's theorem we obtain the identity 

[ai[2=~l((u~i,m)().~y;t)tcb(~;t)))l z, v>  T~. (4.25) 
m 

Each term in this sum may be interpreted as a transi- 
tion probability in the extended Hilbert space (cf. 
Chap, 2); summing over all members of the same class 
(cf. (2.9)) of a Floquet state yields the physical transi- 
tion probability into this class. 

It is (4.25) which contains the extended scalar 
product that is appropriate for generalizing well 
known formulae from standard theory [20] to the 
Floquet picture. For example, to first order in 1/Ta 
(not in 2 ]) we obtain 

[ dz'~[('c') u(i,,,)(2 ) uj(2 - 
m 0 

" (4.26) exp z e(i.m)(2)- ~j . 
0 

As we have shown in previous work [8, 9] deviations 
from the adiabatic approximation mainly occur at 
avoided crossings of the Floquet-eigenvalues  e~ 
=~:~(2) and can be understood in close analogy to 
the well-known Landau-Zener mechanism. 
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Let us therefore assume that there is an isolated 
avoided crossing at 2~ < 2f. Since 

(4.27) 

is a slowly varying function of z, the main contribu- 
tion to Jail 2 arise from those summands in (4.26) for 
which the oscillations of the exponential are minimal. 
In particular, at the avoided crossing there is one 
term, m0 say, for which both the frequency (~(i,mo)-e j) 
is smallest and the overlap (4.27) largest; this term 
suffices to saturate the sum in (4.26). Hence we see 
that in this case the transition probability is deter- 
mined by the energy gap within one Brillouin-zone 
at an avoided crossing 

68,=Jei+moco-ej l=min, ,~zlei+mog-ejJ .  (4.28) 

It is important to note that 6e may be substantially 
smaller than the difference between those representa- 
tives that are continuously connected to the eigen- 
values of Ho. Therefore the 'excitation energy' mea- 
sured as the difference between static eigenvalues be- 
comes irrelevant as has been discussed in detail in 
E9-1. 

A quantitative description of the dynamics at an 
avoided crossing can be obtained from a two Floquet- 
state approximation. Again separating fast and slow 
time-dependence, the usual Landau-Zener calcula- 
tions can be carried out and yield for the transition 
probability at an avoided crossing 

P~ ~ i = e -g~ (4.29) 

where the dimensionless parameter ~/is given by 

q 6e62 , 
= ~ - - -  ~ (4.30) 

and 62 denotes the 2-interval in which the distance 

between the levels is enlarged by a factor of If2 (see 
Fig. 6). As could be expected the transition probabili- 
ty Pj_.~ is determined by a combination of spectral 
properties 6 e. 6 2 and the velocity )~; again the appear- 
ance of 6 e, i.e. the spacing of Floquet indices within 
one Brillouin-zone, is decisive for a Landau-Zener 
transition among Floquet states [8, 9]. 

Let us now turn to the problem of highly excited 
hydrogen atoms entering a microwave cavity. Ob- 
viously, the time scale T, necessary to ensure adiabati- 
city is of central importance. To estimate the order 
of magnitude of T~, we again use the SSE model and 
model the slowly rising field 'seen' by the atom by 

E 

~ X  

Fig. 6. Geometrical meaning of the parameters 6 e, 62 characterizing 
the 8-2 hyperbolae 

a gaussian 

2=Z(z)=  2 I e x p -  , ~<0, 

t2 s, z > 0. (4.31) 

We then assume that for -c - .  - ov the stationary state 
with principal quantum number no is populated and 
solve the Schr6dinger equation (4.11); for z =0,  when 
the turn-on is completed, we perform a Floquet de- 
composition according to (4.21). 

For a first application of this procedure we choose 
co/2rc=9.92 GHz, n0=64 and 2s=15 V/cm. This is 
an example of an 'uncritical" case: From Fig. 5 we 
see that 864 does not undergo an avoided crossing 
for 0<2_<2 s. However, the level no =64 exhibits a 
substantial AC-Stark shift (in other terminology, the 
corresponding state is strongly 'dressed') and hence 
the Floquet state u64 at 2 s is considerably different 
from the initial stationary eigenstate ~P64- The result 
of the above described procedure for estimating T, 
is shown in Fig. 7a where we have plotted la6412, the 
occupation probability of the Floquet state contin- 
uously connected to the initial stationary state, as 
a function of T,. 

We see that a switching-on time of only a few 
cycles results in almost complete adiabaticity and an 
almost pure Floquet state propagates for z>0.  Since 
even the very fast hydrogen atoms used in the experi- 
ments [-2i] see the fringe field for some 40 to 80 peri- 
ods, adiabaticity can be taken for granted. Therefore, 
any model which neglects the effects of the fringe fields 
leads to definitively wrong results: A sudden turn-on 
of the field described by a 0-function determines the 
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Fig. 7, a Occupation probability of the Ftoquet state continuously connected to the stationary initial state no=64 as a function of the 
switching-on time T~ (cf. (4.31), T~=0 means a sudden, 0-function like turn-on) in units of the maser period T; 2i=15V/cm. b as a, 
but no=74 and 2~=7 V/cm. e Occupation probability of the state marked by an arrow in Fig. 3b which seems to continue the initial 
state no = 74 after several avoided crossings; 2 s = 9.95 V/cm 

amplitudes a~ in the decomposition (4.21) as the pro- 
jections of the initial state on the final Floquet states 
at the moment  of switching-on and hence the result- 
ing wavefunction is a superposition of many Floquet 
states. The fact that this is not just a small error can 
be clearly seen from Fig. 7 a: Whereas the initial state 
stays in its continuously connected Floquet state with 
probability la6412 >0.995 for T~= 2 T, a sudden turn- 
on yields [a6412 ~0.39. 

We stress that the simple adiabatic behaviour 
shown in Fig. 7a becomes visible only as a result of 
the Floquet  decomposition (4.21) and is completely 
obscured when decomposing with respect to station- 
ary eigenstates of Ho. 

However, the dynamics becomes more complicat- 
ed when the field strength 21 is enhanced: Above a 
critical value 2c(no), the quasienergy originating from 
the stationary state no starts to exhibit many avoided 
crossings. For  example, from Fig. 3b we read off 
2~(74) g 8 V/cm. Obviously, now many Landau-Zener 
transitions occur when, during the entrance into the 
cavity, 2(~) exceeds At(no). 

To illustrate this phenomenon, we perform calcu- 
lations analogous to those leading to Fig. 7a for n o 
= 74 and 2f = 7 V/cm < 2c(74) (see Fig. 7b). Again, the 
steep rise of [a74J 2 demonstrates the importance of 
adiabaticity; this time, however, convergence to 1.0 
is not as rapid as in Fig. 7a since the final state al- 
ready 'feels' the influence of other Floquet states close 
by in the Brillouin zone. 

Next, we repeat this calculation using the same 
initial state n0--74 but choose for the final field 
strength 2 s = 9.95 V/cm > 2c(74) and plot the occupa- 
tion probability of that state that seems to continue 
the initial one after several avoided crossings (marked 
by the arrow in Fig. 3b). In fact, this state has to 
be denoted by the principal quantum number n--74 
since, after an avoided crossing, the Floquet states 
behave as if they had ignored the latter [22]. In 
Fig. 7 c we observe a strong depopulation of that lev- 
el: At each avoided crossing the jumping-probability 
(4.29) is diminished with increasing T~. Therefore at 
each avoided crossing the wavefunction tends to stay 
on the continuously connected branch of the e - 2  
hyperbola, it has time to change and to take on the 
structure of the other Floquet state engaged in the 
avoided crossing. Thus, it Jollows that adiabatic pro- 
cesses are responsible for transitions to higher states. 

5 .  C o n c l u s i o n s  

The experimentally observed microwave ionization of 
highly excited hydrogen atoms poses serious prob- 
lems to perturbative quantum mechanics: Since a 
conventional perturbative expansion in the field 
strength )0 would require the inclusion of about 100 
orders, a non-perturbative ansatz is needed. 

A viable scheme is provided by the Floquet pic- 
ture since it incorporates the external field in a n o n -  
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perturbative manner and furthermore allows for a 
clear description of adiabatic evolution. Any discus- 
sion of adiabatic dynamics has to start from an inves- 
tigation of the spectral properties of a whole one- 
parameter family of quasi-hamiltonians 

~t~ (2), 0 < 2 < 2 z .  

As our calculations show, up to certain critical values 
of the field strength adiabaticity completely deter- 
mines the solution of Schr6dinger's equation and 
holds down to time scales which are even shorter 
than those relevant for the experiments. 

For  a discussion of the ionization mechanism a 
restriction to the space spanned by the localized 
bound states seems to be insufficient, since there are 
no normalizable Floquet states. It is, however, possi- 
ble to include continuum effects in a qualitative man- 
ner since it is plausible that the imaginary part of 
the complex Floquet indices describing the actual 
Floquet-resonances is larger for resonances originat- 
ing from higher bound states of Ho. Hence we now 
regard our numerically calculated quasienergies for 
the SSE model as an approximation to the real part 
of the indices describing resonances and have to keep 
in mind an additional imaginary part determining 
their life-time. 

Thus, the following picture of the microwave ioni- 
zation of highly excited atoms finally emerges: A hy- 
drogen atom prepared in a Rydberg state (with main 
quantum number no, say) which enters a microwave 
cavity sees a field which rises sufficiently slowly to 
guarantee adiabaticity to a very high degree. As long 
as the instantaneous field strength 2(0 stays below 
a critical value 2~(no) which marks the onset of multi- 
ple avoided crossings, the initial state is adiabatically 
shifted into the continuously connected Floquet-reso- 
nance: 

~O,o (x)e- ie, ot-~ U,o(X , t) e-i~,,o '. (s.1) 

If the final field strength within the cavity is less then 
2c(no), nothing happens: When the atom leaves the 
cavity, it is adiabatically shifted back into the initial 
state. The situation changes abruptly when, during 
the entrance into the cavity, the field strength 2(0 
reaches 2c(no): As described in Chap. 4, Landau- 
Zener type transitions among Floquet states take 
place. It is a characteristic feature of the SSE spectra 
that the first avoided crossings are not isolated but 
are followed in a rapid succession by further ones. 
Hence, if the final field strength 2 s is larger than 2~(n0), 
the atom undergoes many Landau-Zener transitions 
already when entering the cavity. In this way Floquet 

40 

'D 

6O fi5 70 75 

prine[p0[ qu0ntum number 

Fig. 8. Stars: Calculated critical field strength 2c(n) for the SSE mod- 
el marking the onset of multiple avoided crossings (co/ 
2~=9.92 GHz). Boxes: Experimentally found 10%-ionization field 
strength (no static field superimposed); data taken from Fig. 2 in 
[213 

states are populated which originate from higher lying 
stationary states and therefore have quasienergies 
with larger imaginary parts. Thus, as soon as these 
Landau-Zener transitions set in the Schr6dinger 
wavefunction ~9 becomes fast delocalizing, i.e. the 
atom ionizes. 

It should be emphasized that those transitions are 
non-perturbative and their probabilities are deter- 
mined by the Brillouin-zone distance ~e which is only 
a small fraction of the frequency co. In contrast, time- 
dependent perturbation theory would demand the ab- 
sorption of a huge number of photons to account 
for the ionization energy AE. 

In order to treat the above discussed effects of 
the continuum in a mathematically consistent way 
one could employ the method of complex scaling in- 
troduced into the Floquet theory in [23]. 

However, there are implications of the above sug- 
gested ionization mechanism which can be checked 
even within our simple model: The occurence of the 
first avoided crossings must be related to the ioniza- 
tion threshold. Indeed, plotting the values 2c=2c(n) 
from our calculations we obtain Fig. 8 which shows 
that these critical values are remarkably close to the 
experimentally found 10%-ionization field strength 
[21]. Besides being a strong argument in favour of 
our Landau-Zener mechanism this fact a posteriori 
justifies the ansatz of concentrating on the bound 
state dynamics. 

We stress that these Landau-Zener transitions oc- 
cur during the rise of the external field which therefore 
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is essential for the preparation of the state that actual- 
ly ends up in the cavity. Hence, to model the entrance 
into the microwave cavity by a time-dependence of 
the form 

)¢(t) = •f 0(t) sin(co t + 6) (5.2) 

is too crude an approximation: First of all, (5.2) im- 
plies that an initial state ~00 propagates as 

O(x,O=~a~ui(x,t 6\ _ ~ ,  + ~ ) e  i,  t>0,  (5.3) 

where the amplitudes 

(5.4) 

contain a rather unphysical dependence on the phase 
6 which expresses the fact that they are solely deter- 
mined by the moment t = 0 of switching-on. Needless 
to say, this artificial problem does not" occur in an 
adiabatic approach. 

Secondly, we have shown that excitation of higher 
Floquet states results from adiabatic evolution at 
avoided crossings. This important feature is complete- 
ly ignored in approaches based on (5.2). 

Notwithstanding these facts, the 'width function' 
approach of Blfimet and Smilansky [7] has been 
shown to yield values for the ionization threshold 
which are in agreement with experimental data al- 
though the fringe fields are not taken into account. 
This is quite easy to understand: The width function 
measures the extent of Floquet states taken at fixed 
time t = 0  (assuming an external field 2 sin cot). Ob- 
viously, the appearance of many avoided crossings 
is reflected in the structure of the instantaneous Flo- 
quet states and, hence, in the width function. Thus, 
critical field strengths can be determined from the 
width function as well as from the quasienergy spec- 
trum. However, the underlying physical mechanism 
that we suggest is very different from that of Blfimel 
and Smilansky: From their point of view, ionization 
should occur after population of high lying eigen- 
states of H 0 ('window states') and a Floquet state 
corresponding to a fixed field strength 21 should serve 
to connect both the initial and the window states; 
the fringe fields play no rble at all. In contrast, from 
our calculations we have to conclude that an initial 
state is adiabatically turned into a Floquet state when 
entering the fringe fields, at avoided crossings fast de- 
caying Floquet states are populated. 

The detailed investigation of the dynamics of high- 
ly excited hydrogen atoms in the fringe fields of a 
microwave cavity yields new physical insights, in par- 

ticular, we expect measurable effects: Since the Lan- 
dau-Zener 'jumping' probabilities (4.29) are affected 
by the precise form of the fringe fields, different fi'inge 
fields may lead to different occupation probabilities 
of the final Floquet states in the cavity and hence 
to different structures in the ionization signal. It will 
be very interesting to study the results of thture exper- 
iments, where the fringe fields will be under control 
[24], from this point of view. 

It is worthwhile to note that the simple expression 
(5.1) is essentially the quantum mechanical formula- 
tion of the 'stabilization mechanism' conjectured by 
Jensen [25] on the basis of classical calculations. 
Since this formula (5.1) is based on the adiabatic theo- 
rem of quantum mechanics it is valid for any value 
of the scaled frequency no3co; however, the time scales 
necessary for full adiabatic behaviour are longer in 
near-resonant cases than in non-resonant ones. 

Finally we should like to compare the quantum 
mechanical SSE model with its classical counterpart. 
It is well known that the classical SSE model exhibits 
chaotic behaviour above certain values of the cou- 
pling strength which furthermore coincide astonish- 
ingly well with the observed ionization threshold [21]. 
From our quantum calculations we conclude that this 
same threshold corresponds to a change in the qua- 
sienergy spectra from regular to irregular, i.e. from 
smooth 2-dependence to an irregular avoided cross- 
ing structure. Hence we see that there is a deep con- 
nection between the character of the classical trajec- 
tories and the structure of the quantum mechanical 
quasienergy spectra. 

Such a connection has often been found for time- 
independent hamiltonians and in particular been veri- 
fied for the case of a hydrogen atom in a static mag- 
netic field [26]; our investigations indicate that it is 
also true in the Floquet picture for periodically time- 
dependent hamiltonians. (For a discussion of this sub- 
ject, see also [27].) 

Again, it is instructive to study the harmonic oscil- 
lator in this context: Of course the classical version 
is integrable and the Floquet spectrum (2.16) exhibits 
no avoided crossings. 

In order to understand the role of the classical 
orbits we construct the classical analogue of the qua- 
si-hamiltonian ~ = H ( t ) - i ~ t .  As we have seen, with- 
in the Floquet picture - i~ t  has to be regarded as 
the momentum Pt conjugated to the time coordinate 
t. Hence we write for the classical quasi-hamiltonian: 

Jd~cl=H(t)+pt. (5.5) 

Since periodicity is imposed on the time t, the dimen- 
sionless quantity cot must be interpreted geometri- 
cally as angle coordinate with period 2re. Thus the 
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phase space of the system is the cotangent bundle 
of an infinite cylinder. 

After transforming (5.5) to action-angle coordi- 
nates the usual EBK quantisation rules [28] can be 
applied to yield the semi-classical Floquet indices. 

As an example for this procedure we consider the 
classical counterpart of the driven oscillator 

~ = l - -  p2x + p, + @  x2 + 2x sin cot. 
P 

(5.6) 

Performing a canonical transformation to action-an- 
gle-variables 

(Px, x; Pt, t) -~ (Io, (Po; I, g0) (5.7) 

we obtain 

2 2 1 
H'~l=c°°I°+°°I4 4~t ¢o2--co 2" (5.8) 

Quantising the libration 

lo=n+¼et 

with Maslov- index a~ = 2 and  the ro ta t ion  

I = rn + ¼ o~ 

with Maslov- index a t - - 0  we immediate ly  recover the 
exact q u a n t u m  mechanica l  formula  (2.16). 

This  me thod  may  serve as a viable procedure  for 
invest igat ing the semi-classical l imit of periodically 
dr iven q u a n t u m  systems. It  should be clear tha t  an-  
harmonici t ies  in the potent ia l  of Ho produce  formid- 
able difficulties, i.e. chaos in the classical case and  
avoided crossings or ig ina t ing  from a resonance  po in t  
as in Fig. 4 in  the q u a n t u m  case. 

As a conc lud ing  remark  we stress the general i ty 
of our  results. A l though  we use the model  of Rydberg  
a toms in  s t rong microwave fields to suppor t  our  con-  
s iderat ions they are also relevant  for other  periodi-  
cally dr iven q u a n t u m  systems, for ins tance  mat te r  in- 
teract ing with s t rong laser fields. 

We should like to thank Prof. K. Dietz for initiating this work and 
constructive criticism on the manuscript. 
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